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1. INTRODUCTION 
As early as 1966, based on Lions’ work [l] on distribution semigroups of exponential growth and 
the work [2] OII “semigruppi di crescenza n”, Da Prato [3] introduced “semigruppo regolarizzabile” 
on a Banach space X, that is, the C-regularized semigroup (on X) now. Such kind of semigroups 
of linear bounded operators has been studied by many researchers in the last 15 years, due to 
wide and interesting applications derived by its theory (see, e.g., [4-141, and references therein). 
F&all that, for an injective and bounded linear operator C on a Banach space X, a C-regularized 
semigroup on X is a strongly continuous family {IV(t)} t>c of bounded linear operators on X 
such that 
(i) W(0) = C, and 
(ii) W(t)W(s) = CW(t + s), for all s,t 2 0. 
The generator G of {W(t)}t,a is defined by 
Gx := C-’ lim 
.W@)z - CZ 
t-+0+ t 
and 
W(t)s - cx 
t E R(C) (the range of C) . 
We also say that G generates the C-regularized semigroup {14’(t)}t,s. It is easy to see that 
C-regularized semigroup is a generalization of the notion of classical CO semigroup. There are 
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many operators generating C-regularized semigroups but not CO semigroups (see, e.g., IS]). The 
Schrijdinger operator iA (A is Laplacian) on U’(n) (p # 2) is a typical example (see [8,15]). 
This paper is concerned with multiplicative perturbations of C-regularized semigroups. Follow- 
ing the works of deLaubenfels [5], Desch and Schappacher [16], Engel and Nagel [ 171, Gustafson 
and Lumer [18], Pi&rev and Shaw [12], we present two new results regarding multiplicative 
perturbations of C-regularized semigroups, which generalize the previous related ones for CO 
semigroups. Since C-regularized semigroups might not be exponentially bounded (while CO 
semigroups are always exponentially bounded), we need to use some new ideas to obtain the 
desired results. 
In this paper, we write D(A), R(A), and p(A) for the domain, the range and the resolvent set 
of an operator A, respectively. N is the set of positive integers, L(X) the space of all bounded 
linear operators from X to itself, and C( [a, b], X) the space of all continuous functions from [a, b] 
t,o=x. 
2. MULTIPLICATIVE PERTURBATION THEOREMS 
DEFINITION 2.1. Let {W(t)} ~0 be a C-regularized semigroup on X, A a closed linear operator 
in X. If 
(i) W(t)A c AW(t), t > 0, 
(ii) 
I 
t 
W(t)x = Cx + A W(s)x ds, t 1 0, x E x, (2.1) 
0 
then we say that A subgenerates a C-regularized semigroup {W(t)}t20 OII X, or A is a subgen- 
erator of a C-regularized semigroup {W(t)},,, on X. 
REMARK 2.2. 
(1) A strongly continuous family {W(t)} t>o of bounded linear operators on X satisfying (i) 
and (ii) of Definition 2.1 is automatically a C-regularized semigroup (cf. [6]). 
(2) The generator G of a C-regularized semigroup {W(t)} t>o is a subgenerator of {W(t)},,o. 
The converse is not true in general because {W(t)} t>o might have more than one subgen- 
erator. But for each subgenerator A, we have that A c G and G = C-lAC (cf. [6;13;14, 
Section 1.31). 
(3) The abstract Cauchy problem 
u’(t) = Au(t), (t L O), u(0) = x, 
has a unique solution for all x E C(D(A)), when A is a subgenerator (not necessarily the 
generator) of a C-regularized semigroup {W(t)},,, (cf. [6; 14, Section 1.61). 
THEOREM 2.3. Let A be a closed linear operator in X and B E L(X), such that CA c AC and 
CB = BC. The following statements hold. 
(1) If BA subgenerates a C-regularized semigroup on X, then so does AB. 
(2) If AB su bgenerates a C-regularized semigroup on X, then so does BA provided p( BA) # 0. 
PROOF. (1). Let {V(t)} t20 be the C-regularized semigroup subgenerated by BA. Then 
U(t)BAx = BAU(t)x, t 2 0, x E D(A), (2.2) 
/ 
t 
V(t)x = Cx + BA U(s)x ds, t 10, x E x. (2.3) 
0 
Set 
I 
t 
W(t)x = Cx + A U(s)Bx ds, t L 0, x E x. 
0 
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We see easily, by (2.3) and the fact that the graph norms of A and BA are equivalent, that 
{M~‘(t)}~~o is a strongly continuous operator family of bounded linear operators on X. Further- 
more, we obtain by (2.2) and (2.3) that for t L 0, z E X, 
t 
W(t)ABx = CAB + A 
s 
U(s)BABx ds 
0 
J 
t 
= ABCx + ABA U(s)Bx ds 
0 
ABW(t)q = 
(2.4) 
t t 
B J W(s)xds = 0 J( BCx + BA 0 J 
s 
U(g)Bxda ds 
0 > 
= J t (BCz + U(s)Bx - CBx) ds 0 
J 
t = V(s)Bx ds. 
0 
It follows that for any t 2 0 and z E X, B s,’ W(s)x ds E D(A) and 
t t 
AB J W(s)xds = A J U(s)Bx ds = W(t)x - Crc. 0 0 
Combined with (2.4), this indicates that AB subgenerates a C-regularized semigroup {W(t)},,,. 
PROOF. (2). Take p E p(BA) and put 
’ A0 = (p - BA)B, B. ,= A(p - BA)-‘. 
Then A0 is a closed linear operator in X and Bo E L(X). We know by hypothesis that BoAo = 
AB subgenerates a C-regularized semigroup on X. In view of statement (1) just proved, we 
deduce that AB = BoAo subgenerates a C-regularized semigroup on X. The proof is complete. 
THEOREM 2.4. Assume that A subgenerates a C-regularized semigroup {S(t)}tlo on X. Let 
B E L(X) with CB = BC and R(B) C R(C). If there exists a locally bounded function 
y : R+ -+ R+ with &&,+y(t) < 1 such that for all t > 0 and f E C([O, t], X), 
J 
t 
S(t - s)C-‘Bf(s) ds E D(A) 
0 
and 
I/ J 
t 
A S(t - s)C-‘&f(s) ds 
0 /I 
I yWoy3yt kf(s)ll, 
-- 
then A(I + B) subgenerates a C-regularized semigroup on X, and so does (I + B)A provided 
P((I + B)A) # 0. 
PROOF. Let 7 > 0 and f E C([O,T], X), and define 
J 
t M(f)(t) = A S(t - s)C-‘Bf(s) ds, t E [0,7]. 
0 
Then for 0 5 72 < ~1 5 r, 
J 
71 
M(f)(72) = A S(n - ,4C-%f(72 - ~1 + p) dp 
T1-72 
Tl n-n 
=A I S(q - p)C-‘&j(~~ - 71 + p) dp - A 0 I S(TI - P)C-‘W(O) dp, 0 
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where 
f(s), 
‘(-‘) ‘= { f(O), 
if a > 0, 
ifs < 0. 
Hence, by (2.5) and (2.1), we have 
IIM(.f)(ri) - M(f)(72)II - < or$@) &n~~~ U(S)--(s--r +T.L)II +ll[S(r1) - S(72WW(O)II 
-- 
So, M maps C([O,r],X) to itself. Take r > 0 such that maxa<s<rY(s) < 1, then (I - M)-l is -- 
bounded by (2.5). For each t E [0, T], set 
W(t)a: := (I - M)-‘[S(+](t), 2 E x. (2.6) 
Then 
W(0) = c, CW(t) = w(t)c, (t E LO, 4). 
For t E ((n - I).T, n.7~1, 7% = 2,3,. . . , we define inductively 
W(t) := c-W(t - (72 - 1)7)W((n - 1)7). 
(2.7) 
(2.8) 
Next, we prove by induction that for every IL E N, 
R(W(a)W((n - lb)) c WC), g E [&TIT 
which indicates IV(.) in (2.8) is well defined; and that for every n E N, W(.) is strongly continuous 
in [0, nr] and 
s 
t 
W(t)x = S(t)a: +A S(t - s)C-‘BW(s)zds, z E x, t E [0,7LT]. (2.9) 
0 
Indeed for 12 = 1, this is true by (2.7) and (2.6). A ssume (2.9) holds for 72. Then we get that for 
.z’ E x, G E [0,7], 
s 
9LT 
W(a)W(nr)z = S(a)S(~r)a: + A S(a)S(m - s)C-93W(s)ds 
0 
+A 
s 
o S(c7 - s)C-1BW(s)W(nT).7:ds 
= M[L&bV(n~)z](o) 
(2.10) 
s 
7LT 
+ C S(a + rw)cc + A S(u + n.7 - s)C-Q?W(s)a: ds 
0 
Observe that the function 
s 
7LT 
OHA S(CT + 727 - S)C-‘BW(S)Z dS 
0 
J 
U+nT 
J 
0 
=A S(a + 127 - s)C-%W(s)zds + A S(O - S)C-%W(S + 7)X dS 
0 0 
is continuous in [0, T]. It follows from (2.10) that for zr E X, g E [O,T], 
[ I 
ni- 
W(a)W(?lT)a: = c(I - M)-1 S(* + ?ZT)5 + A S(nT +. - S)C??W(S)a:dS (a). 
0 1 
Hence, 
R(W(o)W(nr)) c R(C), cr E [O,r], 
and B H C- ‘W(a)W(n+J 
that for 2 E X, 0 E [O,r], 
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is continuous in [O,r] for each 2 E X. Also, from (2.10), we obtain 
W(c7 + 127)x = c-lw(~)w(?~T)x 
s ?xT = S(CT + n~)x + A S(a + 1X7- - s)C-%W(s)x ds 0 
s 
c 
+A S(c7 - s)C-lBW(s + 7n)x ds 
0 
.I 
U+nT 
= S(a + m)x + A S(a + nr - s)C-lBW(s)xds. 
0 
Accordingly, IV(.) is strongly continuous in [0, oc) and (2.9) holds for all t E [0, co). 
Let to E [O,r]. Then we have by (2.9) that for 2 E X, t E [to,‘], 
.I 
to 
W(t - t,)W(t,)x = CS(t)x + A s(t - s)C-%CW( s)x ds 
0 
s 
t-to 
+A S(t - to - s)C-‘BW(s)W(t,)x ds. 
0 
So fort E [tc,~], 
where 
s t gz(t) = CS(t)x + A S(t - s)C-%g,(s) ds, x E x, 0 
L?z(s) := 
{ 
CW(s)x, if s E [0, to], 
W(s - to)W(to)x, if s E [to, 3-l. 
In view of (2.9), (2.11) is satisfied for all t E [0, r]. Thus, 
gZ(t) = C(I - M)-‘[S(.)x](t) = CW(t)x, tE [O,T], XEX, 
by (2.6). So we infer 
W(t - tl))W(to) = CW(t), 
This, combined with (2.6)-(2.8), yields 
t E [to,71. 
W(t)W(s) = CW(t + s), t,s E [O,oo). 
Consequently, {W(t)} t>o is a C-regularized semigroup on X. 
From (2.9), we deduce that for x E X, t E [0, co), 
s t s t t s W(s)xds = S( s)x ds + A 0 0 ss S(s - r)C-‘BW(r)x dr ds 0 0 
t t t 
= 
7 
S( s)x ds + A 
ss 
S(s - r)CIBW(r)x ds d7 
0 0 T 
t t t 
= 
s 
S(s)xds + A 
ss 
S(s - r)CIBW(r)xdsdr 
0 0 T 
=s 
t 
0 
S(s)xds + ot [S(t - s)C-‘BW(s)x - BW(s)x] ds; 
s 
hence, 
(I + B) 1’ W(s)xds = J’S(t - s)C+3W(s)xds + f S(s)xds. 
0 0 0 
(2.11) 
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Therefore, we have by (2.9) and (2.1) that for z E X and t E [O, 00)~ s,” W(s)a:da E D(A(I + B)) 
and t t 
A(1 + B) s W(s)x ds = W(t)x - S(t)x + A s S(s)x ds 0 0 (2.12) 
= W(t)x - cx. 
According to Definition 2.1 and Remark 2.2 (l), it remains to show that 
W(t)A(I + B) c A(1 + B)W(t), t 2 0. 
To this end, we let h(s) E C([O, oo), X) such that 
t 
h(t) = A(1 + B) 
s 
h(s) ds, t 2 0. 
’ 
(2.13) 
(2.14) 
Observing by (2.14) that for t 2 s 2 0, 
$ 
[ 
S(t - s)(I + B) i’W)d ] G = -S(t - s)h(s) + S(t - s)(l+ B)h(s) 
= S(t - s)Bh(s) 
= S(t - s)BA(I + B) 
s 
s 
h(a) do, 
0 
we obtain that for t 2 s 2 0, 
(I + B) I’ h(r) da = I’ [S(t - s)C-‘BA(I + B) Is h(o) do] ds. 
So for t E [0,7], 
I 
t 
h(t) = A(1 + B) h(a) da 
0 
t 
=A 
S[ 
S(t - s)C-~BA(I + B) 
=M[A(I+B)i’h(o)do] (t). 
Is h(a) do] ds 
This implies that h(t) E 0 on [O,r]. For t E [T,~T], we have by (2.14) that 
s 
t 
s 
t--r 
h(t - T + T) = A h(s) ds = A h(s + T) dr, 
T 0 
so that h(t) 3 0 on [T, 271. Going on in this way, we deduce that h(t) 3 0 on [0, 00). Now define 
s 
t 
W(t)x := cx + W(s)A(I + B)x ds, t 2 0, x E D(A(I + B)). (2.15) 
0 
Then it is not difficult to verify by (2.12) that 
s 
t 
I/l/(t) = Cx + A(1 + B) l@(s)x ds, t 1 0, x E D(A(I + B)). (2.16) 
0 
This and (2.12) together give that for any z E D(A(I + El)), the continuous function t H 
W(t)x - i@(t)x satisfies (2.14). Consequently, 
I?/(t)x = bv(t)x, t > 0, x E D(A(I + B)), 
and therefore, 
t t 
A(1 + B) 
s 
W(s)x ds = 
s 
W(s)A(I + B)x ds, t > 0, 
by (2.15) and (2.16). Thus, T2.13) follows immediately. We now conclude that A(1 + B) is a 
subgenerator of the C-regularized semigroup {W(t)}ty on X. 
By Theorem 2.3 (2), we obtain that (I + B)A subgenerates a C-regularized semigroup on X 
provided ~((1 + B)A) # 8. The proof is complete then. 
REMARK 2.5. Theorem 2.3 is an extension of [16, Theorem 11. Theorem 2.4 generalizes [16, 
Theorem 5] and [12, Theorem 3.21. 
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